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Abstract
We study the propagation properties of the solutions of the finite-difference space semi-discrete wave equation on
an uniform grid of the whole Euclidean space. We provide a construction of high frequency wave packets that
propagate along the corresponding bi-characteristic rays of Geometric Optics with a group velocity arbitrarily
close to zero. Our analysis is motivated by control theoretical issues. In particular, the continuous wave equation
has the so-called observability property: for a sufficiently large time, the total energy of its solutions can be
estimated in terms of the energy concentrated in the exterior of a compact set. This fails to be true, uniformly on
the mesh-size parameter, for the semi-discrete schemes and the observability constant blows-up at an arbitrarily
large polynomial order. Our contribution consists in providing a rigorous derivation of those wave packets and
in analyzing their behavior near that ray, by taking into account the subtle added dispersive effects that the
numerical scheme introduces.
Re´sume´
On e´tudie les proprie´te´s de propagation des solutions de l’e´quation des ondes semi-discretise´e en espace par
diffe´rences finies sur une grille uniforme dans tout l’espace euclidien. On re´alise une construction de paquets d’ondes
concentre´s a` haute fre´quence qui se propagent le long des rayons bicaracte´ristiques de l’Optique Ge´ome´trique a` une
vitesse de groupe arbitrairement petite. Notre analyse est motive´e par la the´orie du controˆle. Plus pre´cisement,
l’e´quation des ondes continue ve´rifie la proprie´te´ d’observabilite´ : pour un temps suffisament grand, l’e´nergie
totale de ses solutions peut eˆtre estime´e en fonction de l’e´nergie localise´e a` l’exte´rieur d’un ensemble compact.
Cette proprie´te´ n’est pas verifie´e de manie`re uniforme par rapport au pas de discre´tisation pour le sche´ma semi-
discret pour un temps fini quelconque, si bien que la constante d’observabilite´ semi-discre`te diverge avec un taux
polynomial arbitraire. Nous donnons une construction pre´cise de ces paquets d’ondes et decrivons l’effet dispersif
rajoute´ que le sche´ma nume´rique ge´ne`re autour du rayon de propagation.
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Il est bien connu (cf. [11]) que les solutions du proble`me de Cauchy pour l’e´quation des ondes continue
d-dimensionnelle ve´rifient la proprie´te´ d’observabilite´ : pour un temps suffisament grand, l’e´nergie totale
des solutions peut eˆtre estime´e en fonction de l’e´nergie localise´e a` l’exte´rieur d’un ensemble compact. Par
la me´thode d’unicite´ de Hilbert (HUM) introduit dans [5], cette proprie´te´ est equivalente a` un re´sultat
de controˆlabilite´ exacte par un controˆle localise´ dans le comple´mentaire du meˆme ensemble compact.
Dans cet article, on conside`re le proble`me de Cauchy associe´ a` l’e´quation des ondes d-dimensionnelle
semi-discretise´e en espace par un sche´ma centre´ en diffe´rences finies dans un maillage uniforme. Nous
avons deux objectifs. Le premier est de montrer l’e´xistence de paquets d’ondes concentre´s autour d’un
nombre d’onde fixe´ a priori, a` haute fre´quence, propageant avec une vitesse de groupe arbitrairement
petite autour des rayons bicharacte´ristiques du sche´ma semi-discret et donc peu visibles depuis le domaine
d’observation. On de´duit dans [3] que la constante d’observabilite´ semi-discre`te diverge au moins d’une
manie`re polynomiale arbitraire, et ce pour tout temps d’observabilite´ fini. Le deuxie`me objectif est de
donner une forme asymptotique pre´cise pour ces paquets d’ondes, de fac¸on a` mettre en e´vidence la
dispersion nume´rique qui n’apparaˆıt pas dans le mode`le continu.
Notre re´sultat comple`te la litte´rature existante sur l’observabilite´ et le controˆle des sche´mas d’approxi-
mation de l’e´quation des ondes. En particulier, dans [10], pour la semi-discre´tisation de l’e´quation des
ondes par diffe´rences finies dans des domaines borne´s comme les cubes d-dimensionnels, il a e´te´ prouve´
que l’ine´galite´ d’observabilite´ explose au sens ou` la constante d’observabilite´ explose lorsque le pas du
maillage tend vers ze´ro. Dans [7], on montre aussi que pour l’e´quation des ondes unidimensionnelle sur
un intervalle borne´ observe´e par le bord, la constante d’observabilite´ diverge de manie`re exponentielle.
Ce type de phe´nome`ne pathologique apparaˆıt aussi au niveau des estimations dispersives de Strichartz
associe´es a` l’e´quation de Schro¨dinger semi-discretise´e en espace par diffe´rences finies, cf. [4].
L’avantage de notre construction de paquets d’ondes nume´riques a` haute fre´quence est qu’elle peut eˆtre
ge´ne´ralise´e a` d’autres approximations plus sophistique´es de l’e´quation des ondes comme celles obtenues
par les me´thodes de Galerkin discontinus ou par des e´le´ments finis classiques d’ordre supe´rieur, ou` le
symbole “nume´rique” en Fourier du Laplacien est une matrice donnant lieu a` plusieurs relations de
dispersion, cf. [6].
En outre, les paquets d’ondes que nous construisons sont aussi localise´s dans l’espace physique et
peuvent donc eˆtre adapte´s pour des proble`mes aux limites dans des domaines borne´s avec des conditions
aux limites diverses.
1. Introduction and problem formulation
For a finite time T > 0, consider the Cauchy problem associated to the d-dimensional wave equation: ∂2t φ−∆φ = 0, x ∈ Rd, t ∈ (0, T ]φ(x, 0) = φ0(x), ∂tφ(x, 0) = φ1(x), x ∈ Rd. (1)
The problem (1) is well posed in H˙1(Rd) × L2(Rd) (H˙1(Rd) is the completion of C∞c (Rd) with respect
to the semi-norm ‖ · ‖2
H˙1(Rd) = ‖∇ · ‖2L2(Rd)). The total energy of its solutions is conserved in time and is
defined by E(φ0, φ1) = (‖φ(t)‖2
H˙1(Rd) + ‖∂tφ(t)‖2L2(Rd))/2.
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For all finite time T > 2, there exists a constant C(T ) > 0 such that, for all (φ0, φ1) ∈ H˙1(Rd)×L2(Rd),
the following observability inequality holds (see [11]):
E(φ0, φ1) 6 C(T )
T∫
0
∫
Ωd
|∂tφ(x, t)|2 dx dt. (2)
The observation region Ωd := Rd \ Bd(0, 1) is the complement of the d-dimensional unit ball. This
observability problem is motivated by controllability issues, since, by means of the Hilbert Uniqueness
Method (HUM) introduced in [5], the inequality (2) is equivalent to the fact that, for all T > 2 and all
initial data (u0, u1) ∈ H˙1(Rd)×L2(Rd), there exists a control function f ∈ L2(Ωd× (0, T )) such that the
solution of the inhomogeneous Cauchy problem ∂2t u−∆u = fχΩd(x), x ∈ Rd, t ∈ (0, T ]u(x, 0) = u0(x), ∂tu(x, 0) = u1(x), x ∈ Rd (3)
satisfies u(x, T ) = ∂tu(x, T ) = 0 for all x ∈ Rd, where χΩd is the characteristic function of the set Ωd.
These issues are by now well understood for the continuous wave equation. In particular, observability
inequalities of the form (2) and several variants hold under the sharp Geometric Control Condition
(GCC) (cf. [1]) requiring that all rays of Geometric Optics enter the observation subdomain during
the observability time. As shown in [8], when the GCC is not satisfied, the observability property fails
because of the existence of Gaussian beam solutions localized around a bi-characteristic ray that escape
the observation region during the time interval [0, T ].
This paper is devoted to analyze these issues for the finite difference semi-discrete schemes. Given a
mesh size h > 0, we define an uniform grid of the whole Euclidean space by xj = hj, j ∈ Zd. We also
introduce two discrete operators: the gradient ∇+h = (∂+h,k)k=1,··· ,d and the Laplacian ∆h, with
∂+h,k
−→
f =
−→
f ·+ek −
−→
f
h
, ∆h
−→
f =
1
h2
d∑
l=1
(
−→
f ·+el − 2
−→
f +
−→
f ·−el), (4)
where
−→
f = (fj)j∈Zd is any sequence and (el)dl=1 is the canonical basis in Rd.
We consider the finite difference space semi-discretization of the wave equation (1): ∂2t φhj (t)−∆hφhj (t) = 0, j ∈ Zd, t ∈ (0, T ]φhj (0) = φh,0j , ∂tφhj (0) = φh,1j , j ∈ Zd. (5)
The problem (5) is well-posed in ~˙1 × `2, with
`2 = {−→f s.t. ‖−→f ‖2`2 := hd
∑
j∈Zd
|fj|2 <∞} and ~˙1 = {−→f s.t. ‖−→f ‖2~˙1 := ‖∇+h
−→
f ‖2`2 =
d∑
k=1
‖∂+h,k
−→
f ‖2`2 <∞}.
The total energy associated to its solution is conserved in time, being defined by
Eh(
−→
φ h,0,
−→
φ h,1) = (‖−→φ h(t)‖2~˙1 + ‖∂t
−→
φ h(t)‖2`2)/2.
For a fixed T > 0, consider the semi-discrete version of the observability inequality (2):
Eh(
−→
φ h,0,
−→
φ h,1) ≤ Ch(T )
∫ T
0
‖∂t−→φ (t)‖2`2(Ωd) dt, with ‖∂t
−→
φ (t)‖2`2(Ωd) = hd
∑
xj∈Ωd
|∂tφj(t)|2. (6)
For all finite T > 0 and mesh size h > 0, it is easy to see that (6) holds for Ch(T ) sufficiently large.
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For the finite difference and P1-classical finite element semi-discretizations of the wave equation on
particular bounded domains like d-dimensional cubes, it is well-known from [10] that the corresponding
observability constant blows-up as h → 0, because of the pathological behavior of the spurious high
frequency numerical solutions. In the context of the finite difference semi-discretization of the 1 − d
wave equation on a bounded interval, the observability constant is known to blow-up exponentially as
h → 0 for all T > 0 (cf. [7]). As shown in [4], similar pathological high frequency phenomena have been
observed in the context of the Strichartz dispersive estimates for the finite difference approximations of
the Schro¨dinger equation.
In view of the formulation of the observability problem under consideration, our goal here is twofold.
Firstly, to show the existence of numerical waves that are concentrated in space-time and then to give its
precise asymptotic form in order to illustrate the added effect of the numerical dispersion with respect to
the classical continuous wave equation. These solutions propagate according to the group velocity (cf. [9]),
a notion that our construction contributes to make it precise. The group velocity of the high frequency
numerical waves may be arbitrarily small, as the analysis of the dispersion diagram below shows.
Set Πdh := [−pi/h, pi/h]d. By applying the semi-discrete Fourier transform (SDFT) (see [9]) on (5) and
denoting by φ̂h(ξ, t) the SDFT of the solution
−→
φ h(t) of (5), one obtains the following second-order ODE
depending on the parameter ξ: ∂2t φ̂h(ξ, t) + ω2d,h(ξ)φ̂h(ξ, t) = 0, ξ ∈ Πdh, t ∈ (0, T ]φ̂h(ξ, 0) = φ̂h,0(ξ), ∂tφ̂h(ξ, 0) = φ̂h,1(ξ), ξ ∈ Πdh, (7)
where ωd,h(ξ) is the multi-dimensional dispersion relation associated to (5), ω
2
d,h(ξ) =
4
h2
∑d
k=1 sin
2
(
ξkh
2
)
,
ξ = (ξk)1≤k≤d ∈ Πdh.
The semi-discrete rays of Geometric Optics corresponding to the semi-discrete problem (5) are straight
lines of the form x±h (t) = x ± ∇ωd,h(ξ)t, x ∈ Rd, ξ ∈ Πdh, propagating with a group velocity, defined as
the gradient ∇ωd,h(ξ). Note that |∇ωd,h(ξ)| vanishes for all ξ ∈ {±pi/h, 0}d \{0}. This is in contrast with
the behavior in the continuous case (1), where the dispersion relation is ωd(ξ) = |ξ| and the velocity of
propagation along all rays is |∇ωd(ξ)| = 1, for all ξ ∈ Rd.
2. Statement of the main result
Let T > 0 be given. Choose an arbitrary x∗ ∈ Bd(0, 1) and consider a wave number η0 = hξ0 ∈ Πd1 \{0}
such that the corresponding semi-discrete ray starting at x∗ and traveling with velocity |∇ωd,h(ξ0)| =
|∇ωd,1(η0)| does not enter the observation region in time T , i.e. |x∗ − t∇ωd,1(η0)| < 1, for all t ∈ [0, T ].
Consider γ := γ(h) > 0 such that
γ >> 1 and hγ << 1. (8)
For φ ∈ S(Rd), the class of Schwartz functions in Rd, φ̂ being its continuous Fourier transform, consider
the semi-discrete wave equation (5) with initial data (
−→
φ h,0,
−→
φ h,1) whose SDFT is given by
φ̂h,0(ξ) =
1
iωd,h(ξ)
√
2pi
γ
d
φ̂
(
ξ − ξ0
γ
)
exp(−ix∗ · (ξ − ξ0))χΠd
h
(ξ) and φ̂h,1(ξ) = iωd,h(ξ)φ̂
h,0(ξ). (9)
These data, in the physical space, correspond, roughly, to highly oscillating Gaussian profiles. As shown
by S. Ervedoza in [3], by a stationary phase like argument, one can show that for all β ∈ R+, there exists
a constant Cβ(φ̂, T ) such that the observability constant Ch(T ) in (6) satisfies Ch(T ) > Cβ(φ̂, T )γβ .
The initial data (9) are concentrated high frequency wave packets at the wave number ξ = ξ0 = η0/h
with a width of order 1/γ, with γ << 1/h→∞ as h→ 0. This limits drastically the spread of the wave
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packet and allows to concentrate its energy around the chosen ray and to reduce the added dispersive
effects that the non-trivial Hessian matrix of the dispersion relation introduces. Simultaneously, by the
uncertainty principle, this forces the wave packet, in the physical space, to have a spread factor of order
1/γ >> h, which is asymptotically larger than the characteristic size h of the mesh. This is natural, in the
sense that the numerical effects are only detected when an infinite number of nodes enter asymptotically
in the determination of the data of the solution.
This example of wave packet clearly illustrates the classical effect due to the group velocity that is
plotted in Figure 1 below. We plot in red the initial velocity φ1(x) = exp(−γ|x|2/2) exp(iξ0x) (we also
take i|ξ|φ̂0 = φ̂1), with h = 0.005, ξ0h = 19pi/20, γ = h−α, 2α = 0.75 in d = 1 (left) and d = 2 (right),
which coincides, up to an exponentially small error (with respect to h), with the discrete initial data (9).
In blue, we plot the time derivative of the solution of the continuous wave equation (1) and in black the
one corresponding to the semi-discrete wave equation (5) with initial data (9) at time t = 1. For d = 2, we
represent only the projection of these (continuous and discrete) solutions on the x-plane. This experiment
shows that, as theory predicts, the semi-discrete wave packets propagate with a velocity that is much
smaller than the one of the continuous wave equation.
−1 0
−1
0
1
Figure 1. Transport of continuous versus discrete high frequency wave packets in dimension d = 1 and d = 2.
In the following, we analyze more precisely the behavior of these wave packets. To do this, we appro-
ximate the analytic dispersion relation ωd,h(ξ) by a polynomial one.
Set Πdh − ξ0 := {ξ − ξ0, ξ ∈ Πdh}. The time derivative of the solution of (5) with initial data (9) is given
by the following wave packet
∂tφj(t) =
1
(2pi)d
∫
Rd
√
2pi
γ
d
φ̂(ξ/γ)χΠd
h
−ξ0(ξ) exp(itωd,h(ξ + ξ0)) exp(iξ · (xj − x∗)) dξ. (10)
To simplify the presentation and, without loss of generality, we set ξ0 = 0 and x
∗ = 0. Since φ̂ ∈ S(Rd),
we may also neglect the characteristic function in (10). Setting ω(ξ) = ωd,1(ξ + η0) and x = xj − x∗, the
wave packet (10) can be written as
u(x, t) =
1
(2pi)d
∫
Rd
√
2pi
γ
d
φ̂
( ξ
γ
)
exp
( it
h
ω(ξh)
)
exp(iξ · x) dξ. (11)
In view of the analyticity of ω(η), we can split it as ω(η) = L(η) + D(η) + R(η), where L(η) =
ω(0) +∇ω(0) · η is the linear part of ω, D is the second order term in the Taylor expansion of ω about
η = 0 and R is the corresponding reminder, given explicitly by
D(η) =
∑
|α|=2
1
α!
Dαω(0)ηα, R(η) =
∑
|α|=3
3
α!
ηα
1∫
0
(1− λ)2Dαω(λη) dλ.
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Factoring out the time dependent complex exponential generated by the zero order term in the Taylor
expansion of the dispersion relation, we may decompose u as u exp(−itωd,1(0)/h) = v + vR, where
v(x, t) =
1
(2pi)d
∫
Rd
√
2pi
γ
d
φ̂
( ξ
γ
)
exp
( it
h
D(ξh)
)
exp(iξ · (x+ t∇ω(0))) dξ
and
vR(x, t) =
1
(2pi)d
∫
Rd
√
2pi
γ
d
φ̂
( ξ
γ
)
exp
( it
h
D(ξh)
)(
exp
( it
h
R(ξh)
)
− 1
)
exp(iξ · (x+ t∇ω(0))) dξ.
Our main result determines the conditions on γ and φ̂, such that vR is a reminder term.
Theorem 2.1 For all t > 0 and φ̂ ∈ S(Rd), the following estimate holds:
‖vR(·, t)‖2L2(Rd)
‖u(·, t)‖2
L2(Rd)
≤ C(φ̂)h4γ6t2, (12)
where C(φ̂) = C‖| · |3φ̂‖2L2(Rd)/‖φ̂‖2L2(Rd) and C =
( ∑
|α|=3
1
α!‖Dαω‖L∞(B(0,hγ))
)2
For a finite time interval t ∈ [0, T ], one can guarantee that vR is small in the sense of (12) when
γh2/3 << 1, (13)
which is a more restrictive condition on γ than (8), guaranteing that the energy concentrated outside
the ray is polynomially small. Indeed, (12) yields an asymptotic description of the solution globally in
space-time, i.e. u ∼ exp(itω(0)/h)v. Intuitively, the scale (13) is motivated by the fact that |R(ξh)/h| ≤√
Ch2|ξ|3. For this to be asymptotically small, the width of the Fourier transform of the profile has to be
limited by (13).
The function v is a solution of the following PDE:
∂tv = ∇ω(0) · ∇xv − ih
∑
|α|=2
Dαω(0)Dαxv. (14)
This is a transport equation perturbed by an asymptotically small (as h tends to zero) Schro¨dinger
like second order term. The following result emphasizes that there exists solutions of (14) for which the
relevant scale is
γh1/2 = 1.
Theorem 2.2 There exist solutions of (14) admitting the following asymptotic expansion:
v(x, t) =
∞∑
j=0
hj/2aj
(
x
h1/2
,
t
h1/2
)
exp
(
iξ · η0
h1/2
+ itω2
( η0
h1/2
))
, (15)
where η0 ∈ Rd is a fixed wave number, ω2(η) = ∇ω(0) ·η+h
∑
|α|=2
1
α!D
αω(0)ηα is the dispersion relation
corresponding to (14) and (aj(x, t))j∈N solve the following system of PDEs:
∂ta0 = ∇ω(0) · ∇xa0 and ∂taj+1 = ∇ω(0) · ∇xaj+1 − i
∑
|α|=2
1
α!
Dαω(0)
∑
0≤β<α
(iη0)
βDα−βx aj ,∀j ∈ N.
By taking the support of the initial datum of a0 to be compact, one can observe that v is concentrated
along a neighborhood of the ray of width
√
h. This scale
√
h is critical due to the added dispersion
that the Schro¨dinger like term introduces. Once the asymptotic expansion of v is given as in (15), one
6
immediately gets that of u and therefore of ∂t
−→
φ and of
−→
φ . In this way, we get the asymptotic form of
the high frequency wave packet.
This kind of expansion can be further developed, incorporating higher order terms of the Taylor ex-
pansion of the dispersion relation and a multiple-scale ansatz. This issue will be developed in detail in
[2].
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